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Abstract An optimal control problem for a deterministic model of chemical birth
and growth processes is studied. The cost functional takes into account the two main
industrial competitive interests: to avoid low temperatures and to shorten the cooling
time. Explicit expressions of the optimal controls are obtained by using an analytical
approximation of the relation between the instantaneous amount of crystallized poly-
mer and the total amount of cold injected into the sample until this instant of time.
Numerical simulations are shown to illustrate the good agreement with the analytical
expressions. It is surprising and remarkable that the explicit expressions of the optimal
controls can be derived by minimizing an elementary function in one real variable.
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1 Introduction

Polymer crystallization can be described as a chemical process of formation of spatially
ordered structures resulting from the combination of two main events: the nucleation
of small molecules on an initial liquid melt and the growth of the nucleated crystals.
The mathematical modelling of these birth and growth processes has been mainly
inspired on the classical Avrami–Kolmogorov theory for isothermal crystallization
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[10,1], assuming a spherical shape of crystals when the growth rate is constant. In the
general case, non-isothermal crystallization makes the growth rate to depend on both
space and time through the temperature field, and the shape of a polymeric crystal
is no longer a ball centered at the origin of growth [5]. The degree of crystallinity,
defined as the mean volume fraction of the space occupied by crystals, is then used as
a measure of the state of the crystallization process.

An overview on mathematical models of polymer processing is presented in Ref. [4],
and non-isothermal polymer crystallization models have been studied in [11] and [2].
Most of them are stochastic models, accounting for the natural randomness of the
nucleation process, both in space and time.

Recently, a deterministic model has been derived [5] from the Avrami–Kolmogo-
rov stochastic model of interacting particles in the limit of many and small particles,
in which the nucleation and growth processes are characterized by exponential rate
functions of the non-homogenous temperature field. As these inherited expressions
become unrealistic under deterministic conditions, the model has been modified to
avoid the possibility that both nucleation and growth could happen at any room tem-
perature. To do that, two threshold temperatures have been introduced as a cutoff of
the respective nucleation and growth rates, above which no birth nor growth can take
place. This idea was originally introduced in Ref. [8] and has been used in [6,7] by the
same authors in the one dimensional case, having been extended later to rectangular
samples [12].

The deterministic polymerization model was studied in Ref. [8] from the numerical
viewpoint. There, a simplification (consisting on the linearization of the rate functions)
was proposed which yields similar results in terms of the duration of the complete crys-
tallization process. In the present paper the general deterministic model is used in order
to obtain realistic and accurate numerical solutions of the polymer problem.

This family of models has been recently used in optimal control problems to
approach the fundamental question of the industrial manufacturing of polymers: to
determine the best cooling strategy. Three are the main requirements of the industry,
one for the final material and two for the cooling process: (1) the material must be
spatially homogenous to have good physical properties (elasticity, thermal and elec-
trical conductivity,...), (2) the applied temperature must avoid excessively low values,
which are very expensive to reach and maintain, and (3) the duration of the process
must be as short as possible. The three industrial needs have been taken into account
in the functional cost used in Ref. [9] by controlling the final degree of crystallinity
and its spatial uniformity, together with the energy for generating the cooling temper-
ature, expecting that if the degree of crystallinity is uniform and high, the complete
crystallization should be close. The mechanical properties related to the morphology
of the material are the aim of [3], where the contact-interface density is maximized
and its variation is minimized, the duration of the crystallization process being not
taken into account in the cost functional.

We would like to notice that the spatial homogeneity of the material does not depend
exclusively upon the degree of crystallinity; as it has been shown in Ref. [8], different
space segments of same length can have different times of crystallization, affecting
to the physical properties of the material. This should be taken under consideration in
future optimal control problems about crystallization processes.
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Two main results are presented in this paper: first, a numerical relation between
two important magnitudes of the polymer problem, the amount of crystallized poly-
mer and the amount of cold injected in the sample, and second, the optimal values of
the main industrial controls of the polymerization process, the cooling time and the
applied temperature profile.

2 The birth and growth model

Following [8], we consider the system of equations for the degree of crystallinity
y(x, t) and the temperature T (x, t):

yt (x, t) =
[
Gy(x, t) (1 − y(x, t))+ v0 N (1 − y(x, t))2

]
θ(T (x, t)), (1)

Tt (x, t) = σTxx (x, t)+ aG Gy(x, t) (1 − y(x, t)) θ(T (x, t)), (2)

for (x, t) ∈ Qτ = (0, L) × (0, τ ), where L is the length of the sample and τ is the
final time, when the cooling process is stopped.

Equations (1) and (2) must be solved together with the following boundary condi-
tions for all t ∈ (0, τ ),

T (0, t) = u(t), Tx (L , t) = 0, (3)

and the following initial conditions for all x ∈ (0, L):

y(x, 0) = y0 ∈ [0, 1), T (x, 0) = T0. (4)

Nucleation and growth rate functions are Nθ(T (x, t)) and Gθ(T (x, t)), with

θ(T ) =
{

exp (−βT ) if T < T f ,

0 if T ≥ T f .
(5)

The positive real constants G, v0, N , σ, aG , β and T f denote the growth factor, the
initial mass, the nucleation factor, the heat diffusion coefficient, the non-isothermal
factor, the nucleation and growth exponent and the critical phase transition temperature
(from liquid to solid), respectively.

Figure 1 shows the solution of (1)–(5) when a constant cooling temperature
u = 40◦C is applied during a cooling time τ = 2.2 × 104 s to a sample such
that T f = 70◦C, σ = 0.002 m2/s, aG = 2500◦C, N = 20 s−1,G = 5 s−1, v0 =
0.01, β = 0.1(◦C)−1, L = 1 m, y0 = 0, and T0 = 100◦C. The complete crystalliza-
tion time is denoted by tcryst, defined by t > tcryst ⇒ 1 − y(L , t) < ε, where ε > 0
is a small tolerance; here tcryst = 1.95 × 104 s for ε = 10−8.

As in other birth and growth processes, the solution exhibits an advancing
front in the degree of crystallinity y(x, t). The singularity of this model is that
the front is more a band than a boundary layer, and that, under constant cooling
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Fig. 1 Time evolution of the degree of crystallinity y(x, t) (left) and the temperature field T (x, t) (right)
for u(t) ≡ 40◦C and τ = 2.2 × 104 s. The complete crystallization is reached at tcryst = 1.95 × 104 s.
Note that the x − t axes have been inverted to show clearly the evolution of the temperature field

(a) (b)

Fig. 2 a Color map of the crystallinity y(x, s) for u ≡ 40oC, τ = 104 s. b Numerical characterization of
the crystallinity distribution with abscissas xα(t), xb(t) and xω(t) as defined in [8]. Time axis is normalized
to s ∈ [0, t/τ ]

temperatures, the (averaged) velocity of the band is not constant but decreasing in time.
See Fig. 2.

The solution can be characterized by means of three abscissas xα(t) ≤ xb(t) ≤
xω(t), where xb(t) is the critical point where the temperature T (x, t) reaches the phase
transition threshold, T (xb(t), t) = T f , and xα(t) and xω(t) divide the sample in three
regions: an almost fully crystallized region [0, xα(t)] in which 1 − ε ≤ y(x, t) ≤ 1, a
region empty of nucleii [xω(t), L] where y(x, t) = 0 and nucleation has not started,
and a third region [xα(t), xω(t)] in between where 0 < y(x, t) < 1 − ε (ε small and
positive); see [8].

Depending on the parameter values, another important feature can be observed
in addition to the decreasing velocity: the advance of the band is not regular but by
jumps, a feature that appears usually in nucleation and growth models where the size
of the nucleii (the growth) acts on the probability of new nucleations. Particle mod-
els are especially suitable to analyze this kind of interaction between nucleii, which
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are not easy to reproduce with deterministic models, in spite of what the present
model is able to exhibit this behavior by means of oscillations in the crystallinity
and temperature distributions; see again Fig. 2. However, it is not our present aim
to analyze this oscillatory behavior, and we will not take it into account in what
follows.

3 The optimal control problem

The effectiveness of the cooling process depends mainly upon the total cooling time
τ and the applied temperature profile u(t) for t ∈ (0, τ ]. From the industrial view-
point, it is well known that, in the one hand, the shorter cooling processes are cheaper
and preferable, but in the other hand, low temperatures are expensive to reach and
to maintain (in fact, the cost does not grow linearly but at an increasing rate as the
temperature decreases). Hence, an equilibrium compromise must be adopted in each
particular situation. Notice again that the spatial homogeneity of the resulting material
is not taken into account.

The industrial strategy consists then in tuning the competitive control param-
eters τ and u(t) to reach an agreement yielding the minimal value of the cost
of the cooling process. We can then formulate an optimal control problem (CP),
introducing two non negative weights σ1 and σ2 to balance the contribution of
each term, and a set Uad of admissible controls, where the condition for complete
crystallization at time τ in the whole sample is written in an equivalent integral
form:

(CP)

⎧
⎪⎪⎨
⎪⎪⎩

Min J (u, τ ) = σ1

τ∫

0

(
T f − u(t)

)2 dt + σ2τ,

(u, τ ) ∈ Uad,

Uad =
⎧⎨
⎩(u, τ ) ∈ L2(0, τ )× [0,∞) : u(t) ∈ [0, T f ], a.e.,

L∫

0

y(x, τ ) dx = L

⎫⎬
⎭ .

(6)

The choice of σ1,2 is based upon the rate σ2/σ1, which is a measure of the relative
cost of the two competitive terms of the cost functional: to avoid low temperatures we
will select σ2/σ1 small enough, and to shorten the cooling time we will pick up σ2/σ1
sufficiently large.

In order to solve the optimal control problem (CP), we have first obtained numer-
ically an approximation of an important magnitude of the polymer problem, which
is the amount of crystallized polymer at a given time, that has allowed us to derive
explicit expressions of the optimal controls.

123



J Math Chem (2010) 48:118–127 123

4 Main results

Let us define P(t) and Q(t) as the amount of crystallized polymer and the amount of
cold injected into the sample at time t , respectively:

P(t) =
L∫

0

y(x, t) dx, Q(t) =
t∫

0

(
T f − u(r)

)
dr. (7)

4.1 Estimation of the quantity of crystallized polymer

Our first claim is that P(t) does not depend on the history of the cooling process but
on the amount of cold injected, that is, P(t) depends upon u(t) through Q(t). We have
obtained a numerical approximation of this relation:

P(t) ≈ c
√

Q(t), (8)

for some positive constant c. Expression (8) is an important result by itself; the rest of
Sect. 4.1 is devoted to illustrate that this relation compares very well with numerical
simulations, and can then be used in Sect. 4.2 to solve the optimal control problem.

To illustrate the validity of the expression (8), we have tried six qualitatively differ-
ent cooling strategies (u, τ )which inject the same amount of cold Q0 = 35×104 ◦Cs.
We have used four u(t)-profiles for a fixed τ1 = 1.5 × 104 s, denoted by (A–D) and
depicted in Fig. 3, and two values of τ for a constant applied temperature u, denoted
by (E,F):

(A) u A(t) = T f

[
1 −

(
1 − t

τ1

)2
]
, (B) u B(t) = T f

[
1 −

(
t

τ1

)2
]
,

(C) uC (t) = 2

3
T f , (D) u D(t) =

{
0 in [0, τ1/3]
T f in [τ1/3, τ1] ,

(E) τ2 = 3 × 104 s, uE = 5T f

6
, (F) τ3 = 0.6 × 104 s, uF = T f

6
.

Figure 4 shows the time evolution of the amount of crystallized polymer P(t) with
respect to the amount of cold injected Q(t) for the six strategies, together with the
approximation (8) for c ≈ 1.33 × 10−3 m/(s ◦C)−1/2.

The constant c is obtained numerically to fit the curves of P(Q) and is obviously
the same for the six strategies. Exhaustive numerical simulations show that c remains
constant if aG , σ, v0, N ,G and β are not changed.

The agreement between the six strategies and the approximation (8) is very good,
as shown in Fig. 4 and by the two error estimates we have used, the L2-norm error
E1(τ ) and the maximum relative error E2(τ ), defined as

E1(τ ) = 1

τ

τ∫

0

∣∣∣P(t)− c
√

Q(t)
∣∣∣
2

dt, E2(τ ) = max
t∈[t∗,τ ]

( |P(t)− c
√

Q(t)|
P(t)

)
,
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Fig. 3 Four cooling strategies u(t) for T f = 70◦C and τ1 = 1.5 × 104 s, with a total amount of injected

cold Q0 = Q(τ1) = τ1T f /3 = 35 × 104◦Cs
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Fig. 4 Time-parametric representation of the amount of crystallized polymer P(t) versus the amount of
cold injected Q(t) for the six strategies (A)–(F), denoted by the six overlaping solid lines, showing the
complete agreement between them and with the relation P ≈ c

√
Q with c ≈ 1.33 × 10−3 (circles)

where t∗ ≈ 2 × 103 s is used to filter the effects of the initial numerical transient,
whose orders of magnitude are E1(τ1) ≈ 10−5 and E2(τ1) ≈ 10−2.

4.2 Optimal controls

The expression (8) is now used to solve the optimal control problem. If (u, τ ) is an
admissible control, the complete crystallization is reached at time τ , so P(τ ) = L and
(8) yields L ≈ c

√
Q(τ ). Then, Q(τ ) ≈ L2/c2 and the following expressions can be

considered equivalent:

P(τ ) =
L∫

0

y(x, τ ) dx = L and Q(τ ) =
τ∫

0

(
T f − u(r)

)
dr = L2

c2 . (9)

Then, we can reformulate (CP) as the following optimization problem (OP):

(OP)

⎧⎪⎪⎨
⎪⎪⎩

Min J (u, τ ) = σ1

τ∫

0

(
T f − u(t)

)2 dt + σ2τ,

(u, τ ) ∈ Vad, where

(10)
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Vad =
{
(u, τ ) ∈ L2(0, τ )× [0,∞) : u(t) ∈ [0, T f ], a.e., Q(τ ) = L2

c2

}
. (11)

The admissibility condition (u, τ ) ∈ Vad implies a lower bound for τ , τ ≥ τ̂ , where
τ̂ = L2/(T f c2). On the other hand, Hölder’s inequality yields

τ∫

0

(T f − u(r))2dr ≥ 1

τ

(
L2

c2

)2

, ∀(u, τ ) ∈ Vad, (12)

and consequently, J (u, τ ) ≥ (L2/c2)2σ1/τ + σ2τ,∀(u, τ ) ∈ Vad. The following
auxiliary real function ψ has a unique global minimum at τ in [τ̂ ,∞),

ψ(τ) = σ1

τ

(
L2

c2

)2

+ σ2τ, τ ∈ [τ̂ ,∞), (13)

where τ = τ̂ if σ2 > σ1T 2
f , and τ = L2√σ1/σ2/c2 if σ2 ≤ σ1T 2

f . There-

fore, σ2 > σ1T 2
f implies that J (u, τ ) ≥ ψ(τ) ≥ ψ(τ̂ ) = J (0, τ̂ ),∀(u, τ ) ∈

Vad, and σ2 ≤ σ1T 2
f implies that J (u, τ ) ≥ ψ(τ) ≥ ψ(τ) = J (T f − √

σ2/σ1, τ ),

∀(u, τ ) ∈ Vad. Previous argumentations allow us to derive the following theorem:

Theorem 1 Assume that σ1 ∈ [0,∞) and σ2 ∈ (0,+∞). Then,

(a) If σ2 > σ1T 2
f , the unique solution of (OP) is given by

u(t) ≡ 0, τ = L2

c2T f
. (14)

(b) If σ2 ≤ σ1T 2
f , the unique solution of (OP) is given by

u(t) ≡ T f −
√
σ2

σ1
, τ =

√
σ1

σ2

L2

c2 . (15)

The following remarks are in order:

• In the case σ2 > σ1T 2
f , the main interest is to shorten the crystallization process,

without taking care about the cost of reducing the temperature to very low values.
It is therefore easy to see that the optimal strategy consists in applying the lowest
possible temperature (ū ≡ 0) during the whole process.

• In the case σ2 ≤ σ1T 2
f , the goal is to obtain a complete crystallization retaining

the applied temperature close to the cheapest value T f , even if the duration of the
process increases. This is shown by the expressions (15): as σ2/σ1 decreases to
zero, we see that u → T f and τ → +∞; see Fig. 5.

• The effect of small variations in σ2/σ1 over the optimal controls (normalized with
their corresponding typical values) can be seen in Fig. 5. The figure shows two
different regimes: in σ2/σ1 ∈ [0, 1] (inset of the figure), the cooling time has a
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Fig. 5 Variation of the optimal controls u and τ with respect to σ2/σ1 in (0, 5 × 103], normalized with T f

and τM, respectively. The value of τM ≈ 5.6×105s corresponds to σ2 = σ1. Note that T 2
f = 4.9×103◦C2

is the upper bound of σ2/σ1 corresponding to the condition u ≥ 0

higher relative sensitivity to small changes in σ2/σ1 than the applied temperature,
whereas the situation is the opposite in [1, 4.9 × 103].

We have solved the optimization problem with σ2/σ1 = 900, getting u = 40◦C and
τ = 1.88 × 104 s, which compares very well with the complete crystallization time
tcryst = 1.95 × 104 s that was obtained applying the temperature u(t) ≡ 40◦C to the
model (1)–(5) for the given values of the parameters. For these data, the relative error
is in accordance with the previous estimations of E2 : |(tcryst −τ)/tcryst| ≈ 3.6×10−2.

5 Conclusion

We have analyzed an optimal control problem for a deterministic model of chemical
birth and growth processes in polymer crystallization, where the cost functional takes
into account two (of the three) main industrial interests: to avoid low temperatures and
to shorten the cooling time.

We have shown numerically that the amount of crystallized polymer P(t) is propor-
tional to the square root of the amount of cold injected into the sample Q(t), obtaining
the constant of proportionality for a given set of values of the physical parameters.

The important result (8) of the polymer problem has allowed us to obtain explicit
expressions of the optimal controls, namely, the duration of the cooling process until
complete crystallization τ̄ and the temperature applied to the sample ū(t). Surprisingly,
the optimal cooling strategy is constant, something a priori not expected because the
velocity of the crystallization front is not constant. Despite of the complicated appear-
ance of the initial optimal control problem (CP) under study, it is surprising to discover
that the optimal control values can be derived through the minimization of an elemen-
tary function in one real variable. This means a huge reduction in the complexity of
the problem. The good agreement of our results has been checked with numerical
simulations and the L2-norm and relative error estimates.

Future work should take into account the spatial homogeneity of the resulting
material by controlling the crystallization speed, in order to avoid the characteristic
oscillations of the temperature at the crystallization front.
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